ABSTRACT
INTRODUCTION
Layered and striped Toeplitz matrices are special cases of a larger family called mosaic Toeplitz matrices (see for example Heinig and Amdebrhan [S] ). In Section 4, we show that in the generic case we can obtain the inverse through solutions of k + I standard equations. Finally, in Section 5 we also consider the class of Toeplitz-plus-Hankel matrices (see [l, 91) and show that in the generic case we need to solve four standard equations in order to determine the inverse matrix.
PRELIMINARIES
In this section we prove some preliminary results necessary for our inversion formulae. For convenience the following notation is useful. hence S,,,A -AS,,, is given by
The lemma is clear from the above decomposition. n
We remark that Lemma 2.2 is a natural generalization of the well-known rank-two-decomposition of ST-TS for a shift matrix S and a Toeplitz matrix 
Proof.
We will apply Lemma 2.1 to A with P = SCM), Q given above, and the columns XcMv), p = 1,. . . , k, determined by Equation (3). Note that the structure of ScIMj implies that
is precisely the identity matrix. Consequently the formula for A-' holds. n
LAYERED AND STRIPED TOEPLITZ MATRICES
In this section we prove the main theorem stated in the introduction, along with some other related results. Therefore we now consider the special case where I = 1, that is, of a mosaic Toeplitz matrix having a single stripe. Such matrices are referred to as layered Toeplitz matrices. In this case, Lemma 2.3 implies that determining the invertibility of A (and also its inverse) is accomplished by solving the k + 1 linear equations
The inverse in the case that such solutions have been found in then given by where Q = S, + ZF'"' -Ck, = i XcMp'FcMp'AS,.
Proof of Theorem 1.1. If by chance SCM) AE(") = 0, then the invertibility of A can be determined with only k standard equations. In the Toeplitz case (i.e. when k = 1) this can happen if and only if A is lower triangular (cf. 
1' I'
for h +r<u <m.
Clearly the above holds for T = 0; hence assume that we have an r with 1 =g r < Ri such that X(h',), . . . , X("i+r-') satisfying (a) and (b) above have
Since m -r + 1 > h + 1 > h, it follows that x$',+ r = 0. The construction is true for all j < r -1; hence the structure of Q implies that
so x~~~+'-') = 0. Since r < Ri < mi -1, we also have that E(hlk+r) = S, vj E("l+r -'). Therefore
Clearly X("l+r) = QX ("~+r r) then satisfies conditions (a) and (b).
We are now in a position to prove Theorem 1.1. Let j be an index such that hj = h, and assume that mj -1 < m -h. Then ScMjE ( and h + mj < m + 1, X is nonzero and hence A must be singular. Now let j be an index such that hj = h with m. -1 2 m -h. Suppose there exists a solution XCM~+" -h~+l) to the standar d equation
(Note that there may be more than one possibility for the choice of j.) Then '4 (MI) = X$+~~ -h,), and using Equation (6) we obtain scM)yx(M,+m-h,) = AS,X'"~+"-h,'
and so, by Lemma 2.3, A is invertible with inverse given by
REMARK 2. It is natural to ask if it is possible that one can always use less than k + 1 standard equations to determine both invertibility and the inverse of a layered Toeplitz matrix. This is not the case, as has been shown in [12] in the k = 1 case.
REMARK 3. A mosaic Toeplitz matrix with k = 1, that is, with only one layer, is called a striped Toeplitz matrix. Since the transpose of a striped Toeplitz matrix is a layered Toeplitz, the results of this section (using row standard rather than column standard equations) are also valid for the striped Toeplitz case. Our methods, however, do not construct the inverse of a striped Toeplitz matrix in terms of column standard equations as was the case for layered Toeplitz matrices. Indeed, it is an open question how such a representation can be constructed. 
Note that (P + Q)X'l' = QX"', since xi" = 0.
m The standard equations that are used in Theorem 1.1 all correspond to the first rows of each layer. It is also possible to use standard equations that instead use the last rows of each layer. . y.
.
Here, Y is any right inverse of the rank-l l-by-k matrix X, i.e. XY = I.
Proof. By Lemma 2.3 the invertibility of A is equivalent to the existence of solutions to the equations
AZ'Nd = S, M) AE(Nd, q = 1,...,1;
hence we need to determine the ZcNJ, i = 1,. . . , q.
For any solutions of (7) Equation (1) implies that
we see that
in which Vci) = X("b+l) if m, > 1 and 0 otherwise.
Therefore, since X has full rank, there are solutions to (10) given by
. , XC"k) I) . Y;
hence A is invertible with inverse given by (8). 
and assume that the l-by-k matrix has full rank 1 with right inverse Y. Zf, f or each mP > 1, there are solutions where the inverse can be given in terms of solutions of standard row and standard column equations. For example, the formula of Gohberg and Heinig [3] gives the inverse once the first and last block rows and columns of the inverse are known. Inversion formula in terms only of solutions to standard block row and block column equations are also given in Ben-Artzi and Shalom [2] and Lerer and Tismenetsky [14] . Using appropriate row and column permutations, it is easy to see that block Toeplitz matrices are the same as mosaic Toeplitz matrices having constant width stripes and constant height layers. In this context the Gohberg-Heinig formula describes the inverse in terms of solutions of standard column equations corresponding to the first and last columns of each stripe and standard row equations corresponding to the first and last rows of each layer. It would be of interest to generalize such formula to inverses of more general mosaic matrices. This would also be true of corresponding mosaic forms of the formula of Ben-A&i and Shalom and Lerer and Tismenetsky, even in the generic case.
It is an open question whether or not one can construct an inverse for a nongeneric mosaic Toeplitz matrix using only standard row or standard column equations.
GENERIC TOEPLITZ-PLUS-HANKEL MATRICES
In this section we show that the techniques used previously are also applicable to matrices having the structure of a Toeplitz-plus-Hankel matrix.
In 
In this case 
